We study a variant of the mean curvature flow for closed, convex hypersurfaces where the normal velocity is a nonhomogeneous function of the principal curvatures. We show that if the initial hypersurface satisfies a certain pinching condition, then this is preserved and the flow converges to a sphere under rescaling.
Introduction
Let M n be a closed, orientable n-dimensional smooth manifold, and let F 0 : M n −→ R n+1 be a strictly convex immersion of M n as a hypersurface into Euclidean space. We study the curvature flow given by ( 
The important properties are that f ′ , f ′′ , Hf ′ − f > 0 and
Hf ′′ f ′ ≤ 2α , due to our choice of H 0 .
We wish to prove that the flow given above preserves the convexity of the initial hypersurface.
To do this we follow the method of Schulze in [8] and consider the quantity K/H n , where K is the Gauss curvature. Schulze's approach was based on that of Chow in [3] , who was the first to consider this quantity. In particular we prove the following:
Theorem 1.1. Let F (·, t) be a family of hypersurfaces evolving under the curvature flow (1.1).
If there exists a positive constant C(n, α) < 1/n n such that the initial hypersurface is pinched in the sense that K(p) H n (p) ≥ C(n, α) ∀p ∈ M 0 , then this is preserved under the flow. Moreover, the family of pinched hypersurfaces converges to a sphere after rescaling.
Heuristically, the pinching condition indicates how close the ratio between the smallest and largest eigenvalues is to 1. If the constant C is very close to 1/n n , the principal curvatures of the initial hypersurface are close to one another, and the surface is close to being a sphere. The preservation of the pinching condition therefore tells us that the hypersurfaces become more spherical as the flow progresses.
The theorem above is similar to that proved by Schulze in [8] for flows of the form f (H) = H k , k ≥ 1. There are a wide range of results published on flows of convex hypersurfaces for which f is a homogeneous function of the principal curvatures. Huisken's 1984 paper [6] showed that convex hypersurfaces evolving under the mean curvature flow f (H) = H contract to a spherical point in finite time, and converge smoothly to a sphere after appropriate rescaling. Chow obtained similar results for a variety of other flows where the normal velocity is not necessarily a function of the mean curvature, for instance the nth root of the Gauss curvature in [3] . These were extended by Andrews in [2] to a more general result on homogeneous of degree one velocities. In [3] , Chow also proved a result for normal velocities whose degree of homogeneity is greater than 1. It was this work that led to the aforementioned paper of Schulze. The flow of convex hypersurfaces under the nonhomogeneous function f (H) =Ĥ/ lnĤ was studied by Alessandroni and Sinestrari in [1] using maximum principle methods similar to those of Huisken in [6] . However, we were not able to follow the proof of Theorem 3 in their paper and we don't believe that their techniques yield our result.
The organisation of this paper is as follows. In Section 2 we justify the short-time existence of solutions. This is followed by a statement of the well-known evolution equations for some geometric quantities under the flow (1.1) along with the elementary result that the flow preserves strict and mean-convexity in Section 3. In Section 4 we derive the evolution equation for K/H n and prove that if the initial hypersurface is pinched strongly enough then this pinching is preserved by the flow. Finally, in section 5 we show that under rescaling the pinched flow converges to a sphere.
Short-Time Existence
At this point we briefly justify the short-time existence of unique smooth solutions to equation (1.1), using results on nonlinear parabolic PDEs from [5] . We begin by writing M n locally in coordinate patches as a graph over Ω ⊂ R n . More precisely, suppose that locally M n = graph(u 0 ), u 0 : Ω −→ R, and F is given by F (p, t) = (p, u(p, t)). In this setting (1.1) reduces to the initial value problem
where D and D· are the usual gradient and divergence on R n and u 0 is smooth. This comes from the expressions given in Appendix A of [4] for the mean curvature of a graph u,
where D 2 u is the Hessian matrix of u, and the outer (upper pointing) normal n = (−Du, 1)
Moreover, the metric and inverse metric on the graph u are given by
so we can rewrite (2.1) as
In particular, note that
by virtue of (1.2b). We can therefore invoke theorems 2.5.7 and 2.5.9 from [5] which guarantee the existence of a unique smooth solution to (2.1) on a short time interval. This can then be extended in the usual way via a compactness argument to a full solution of (1.1).
Evolution Equations for Geometric Quantities
The following proposition is well known for flows of the type (1.1). See for example Appendix A of [4] or [9] for outlines of the proofs in the mean curvature flow case. 5 Proposition 3.1. For surfaces evolving under (1.1) we have the following evolution equations for geometric quantities: Proof. The result H(F (·, t)) ≥ δ for all t follows from applying the parabolic maximum principle to (3.1d) in Proposition 3.1. To prove that convexity is preserved, we use the equation (3.1c ). In order to use Proposition 4.1 of [6] , set
This N ij satisfies the null eigenvector condition since if h ij X j = 0 then
The result follows from this.
The importance of the above result is twofold. Firstly, it implies H min (t) is increasing and the uniform parabolicity of (1.1) is not lost. Secondly by writing |A| 2 and H 2 in terms of the principal curvatures and expanding the square, we see that |A| 2 ≤ H 2 for any convex surface. The preservation of convexity means that |A| 2 ≤ H 2 on F (·, t) for all t, which will be used later.
The evolution equation for H also leads to a finite upper bound on the maximal time of existence. Proposition 3.3. For surfaces evolving according to equation (1.1), we have
This in turn gives an upper bound on the maximal time of existence:
Proof. Since lnĤ ≥ 1 and |A| 2 ≥ 1 n H 2 , we have f (H)|A| 2 ≥ 1 n H 3 . We can therefore compare In exactly the same manner as [7] we obtain the result that max Mt |A| 2 and max Mt H 2 must both tend to infinity as the maximal time of existence T is approached. If this were not so we obtain bounds on the derivatives of |A| 2 and H, giving a smooth limiting surface, contradicting the maximality of T . 
Pinching with Gauss Curvature
Our aim during this section is to show that even though H blows up near a singularity of the flow, the ratios between the principal curvatures approach 1. Following the method of Schulze in [8] , we first derive an evolution equation for the quantity
By the arithmetic-geometric mean inequality we have
with equality on the right hand side if and only if all the principal curvatures are equal.
Throughout this section, if ζ and ξ are scalars we use the notation ∇ζ , ∇ξ := g ab ∇ a ζ∇ b ξ, and |∇ξ| 2 = ∇ξ , ∇ξ . The first step is to find the evolution equation for K: Then we have:
where b i j denotes the components of the inverse of the Weingarten map so that h i k b k j = δ i j and
The previous lemma agrees with Lemma 2.1 in [8] .
Proof. Given that K = det[h i j ] = det[g ik h kj ], we make use of the following identity: If A(t) is a positive definite matrix then
The first two equations follow from this and substituting in the evolution equation for h ij (3.1c) .
For the third, taking the covariant derivative of (4.1b) gives
and now we use b jk ∇ c h jk = 1 K ∇ c K and the identity
Finally, substitute Kb jk ∆ Mt h jk from (4.1c) into (4.1a) to obtain (4.1d).
Lemma 4.2. We have the following equations for γ:
Proof. The first two equations follow by directly differentiating γ. Applying these and ∆ Mt H n = nH n−1 ∆ Mt H + n(n − 1)H n−2 |∇H| 2 to (4.2b) gives
We also have
Now (4.2c) follows by substituting the above and (4.1d) into Before proving Proposition 4.3, we need the following lemma:
There exists a constant 0 < C < 1/n n such that if a convex hypersurface N satisfies (4.4) with this constant C, then there exists 0 < ε = ε(C) ≤ 1/n such that
on N . Moreover, ε −→ 1/n as C −→ 1/n n .
Proof. Suppose N satisfies (4.4), and let λ 1 , ..., λ n be the principal curvatures of N with the ordering 0 < λ 1 ≤ ... ≤ λ n . Define the quantities
Note that we also have 0 < x 1 ≤ ... ≤ x n ≤ 1. To prove (4.5), we must first show that x 1 is bounded below. This is the case, since λ l ≥ λ k for all k, and so
Now take ε to be the maximal constant such that x 1 ≥ ε, which is equivalent to (4.5). The fact ε −→ 1/n as C −→ 1/n n comes from the arithmetic-geometric mean inequality: as C −→ 1/n n , all the principal curvatures tend to being equal, so x 1 −→ 1/n, and therefore the maximal ε must itself tend to 1/n. Now consider (4.6). By writing the inequality in terms of the principal curvatures, we find that it is equivalent to show
To prove this, set ε = 1/n − δ. We deal with the cases x k < 1/n and x k > 1/n separately (if x k = 1/n then the statement holds immediately). First assume that x k < 1/n. By choosing C close enough to 1/n n , we can make δ small enough so that δ + 3 √ 8αnδ ≤ 1/n. We therefore have
as required. Secondly assume that x k > 1/n. We first need to bound x k above by something depending on δ. Since ε is a lower bound for all the x l , ε n−1 x k ≤ n l=1
x l = K H n ≤ 1 n n =⇒ x k ≤ 1 n n ε n−1 = 1 n(1 − nδ) n−1 .
By the binomial theorem it is possible to choose C large enough (or equivalently, δ small enough) that x k ≤ 1 n(1 − nδ) n−1 ≤ 1 n + nδ .
Thus we have
x k , provided δ + 3 √ 8αn 2 δ ≤ 1/n. Thus, we have shown that for C close enough to 1/n n , (4.6) holds.
We are now ready to prove Proposition 4.3.
Proof of Proposition 4.3. We use the parabolic maximum principle on the evolution equation (4.2c) in Lemma 4.2. Since Hf ′ − f ≥ 0 by (1.3d), and the identity H 2 ≤ n|A| 2 holds for any hypersurface by the Cauchy-Schwartz inequality, we automatically have
We now show that for the right choice of initial surface,
